Abstract. We prove that every irreducible component of a semi-regular locus of effective line bundles in the Picard scheme of a smooth projective variety has at worst rational singularities. This generalizes Kempf's result on rational singularities of W 0 d for smooth curves. We also work out an example of such locus for a ruled surface.
Introduction
Fix a ground field k, which is algebraically closed and of characteristic 0. Let X be a smooth projective curve of genus g. For r, d ≥ 0, the Brill-Noether locus is defined as
There has been extensive research on these loci in literature (cf. [1] ). A special kind of Brill-Noether loci is W Kempf [7] proved that W 0 d (X) has only rational singularities, so in particular it is CohenMacaulay and normal; and for 1 ≤ d ≤ g − 1, the tangent cone over a point [L] ∈ W 0 d (X) admits a rational resolution from the normal bundle of the fibre F = ϕ −1 ([L]). He also computed the degree of the tangent cone, generalizing Riemman's formula on multiplicity of theta divisors. Ein [3] studied the normal sheaf N of the fibre F. He showed N can be reconstructed from the multiplication map H 0 (O F (1)) ⊗ H 1 (N(−1)) → H 1 (N), and proved that for a general curve X, N ≃ ρO F ⊕ (H 1 (X, L) ⊗ Ω F (1)), where ρ = g − (r + 1)(g + r − d) is the Brill-Noether number. Most of his results were built on a locally free resolution of N * . This paper attempts to extend part of Kempf's results on W 0 d for curves to higher dimensional varieties using Ein's approach. Now let X be a smooth projective variety of arbitrary dimension. Let Pic(X) and Div(X) denote the Picard scheme and divisor scheme, which parameterize line bundles and effective divisors on X respectively. We still have the Abel-Jacobi map ϕ : Div(X) → Pic(X), where Div(X) plays the same role as X d . However, as a closed subscheme of the Hilbert scheme Hilb(X), Div(X) may be very singular. Even for dim X = 2, an example due to Severi and Zappa in 1940s shows that Div(X) is nonreduced. For this reason, we restrict ourselves to those so called semi-regular line bundles, see section 2 for definition, and consider the semi-regular locus W When X is a curve, W The paper is organized as follows: in section 2, we study the conormal sheaf of fibres of the Abel-Jacobi map, and derive a locally free resolution of the sheaf. We also obtain several interesting consequences of the resolution. With a criterion of rational singularities based on Kovács's work, we prove our main theorem. In section 3, one example of an irreducible component W 0 sr of a ruled surface is analyzed in detail. In the appendix we prove a result on varieties swept out by linear spans of divisors of linear systems on an embedded curve.
2. Rational singularities of W 0 sr (X) 2.1. Semi-regular line bundles and their loci. Let X be a smooth projective variety. It is well known that Pic(X) is separated, locally of finite type, and smooth. As Hilb(X) breaks up according to Hilbert polynomials, so does Pic(X). Fix an ample line bundle
The P L is constant over any connected component of Pic(X). The Abel-Jacobi map ϕ : Div(X) → Pic(X), which sends a divisor D to the associated
Definition 2.1. An effective Cartier divisor D on X is semi-regular if the boundary map
is injective. A line bundle L is semi-regular if L is effective, and D is semi-regular for any D ∈ |L|.
Remark 2.2. If X is a curve, then all effective divisors, line bundles are automatically semi-regular. The reader can check that a necessary condition for L to be semi-regular is that h 1 (L) ≤ q (see Corollary 2.13), and sufficient conditions are either h
The second one is however rather strong. For instance, when X is a surface and
if and only if D is semi-regular (cf. [8] , [12] ).
Definition 2.4 (semi-regular locus)
. Based on the above, we obtain Theorem 2.9, which is more than the need to prove Theorem 1.1 and maybe applied to other problems. 
where V i 's are finite dimensional vector spaces. Consequently if F is locally free and 0-regular, then any symmetric power of F is 0-regular. 
Proof. By Kodaira vanishing and the assumption H
1 (X, O X ) = 1, the condition that K X ⊗ L d−1 is noneffective implies that reg(O X ) ≤ 1.⊕(d−1) P 1 ⊕ O P 1 (1)) (with Fano index 1). If −K X is also nef, the assumption H 1 (X, O X ) = 0 is redundant by Kawamata-Viehweg vanishing.
Proof. Consider the Stein factorization of
, where f ′ is projective with connected fibers, and g is a finite morphism. Then Z := g −1 (p) is a reduced closed point, for otherwise F = f ′−1 (Z) would be nonreduced. Therefore g is generically one to one map, hence birational. By shrinking X properly, we can assume g is an isomorphism, therefore we assume f has connected fibres.
In particular, all its higher cohomologies vanish. From the exact sequence 
since X is normal and fibers are connected. At this point, we apply Theorem 2.6 to conclude the proof.
2.3.
Conormal sheaf of the fibre of ϕ. In the rest of section 2, q denotes h 1 (X, O X ), the irregularity of X. L stands for a line bundle on X with r = dim |L| and
, and I the ideal sheaf of F in Div(X).
Given an effective line bundle L,
Denote the two induced projections from D to X and |L| also by p and q. The divisor D is actually an incidence correspondence in the sense: for any x ∈ X, p −1 (x) parameterizes the effective divisors passing through x; for any [ 
By the universal property of Div(X), there is a unique morphism j : |L| → Div(X), such that D = j * U , where U is the universal divisor over Div(X), see the Cartesian diagrams below. In fact j is a closed immersion.
Suppose L is semi-regular and D ∈ |L|, by Grauert's theorem and the property of π, 
The key theorem below is a generalization of [3] 
Applying q * to (2.2), we get the exact sequence
The third term comes from (2.3). The surjectivity of the last map is for the reason as follows. For any point [D] ∈ F, we have the commutative diagram
The two horizontal maps are isomorphisms because of Grauert's theorem. Since ∂ :
is injective by the semi-regularity assumption, the right vertical map is surjective, so is the left one.
Since the cokernel of
Dualizing it, we get Proof. We do induction on n ≥ 1. Consider the commutative diagram of k-vector spaces: 
The bottom horizontal map is surjective, because I/I 2 = N * F/DivX is 0-regular. It follows that the right vertical map is surjective.
A proof for isomorphism when R ≤ q can be found in [3] 
By Lemma 2.12, α n 's are surjective. By Snake lemma and induction on n, we get β n is surjective for all n ≥ 1.
is an isomorphism. Since the completion is a fully faithful functor, we get that
Since Y is smooth and all fibres are connected, Ω is normal.
2.5. Some consequences of Theorem 2.10. The corollary below is a generalization of Clifford theorem to higher dimensional varieties. It would be interesting to study when the equalities can be achieved.
Proof. By [3] Proposition 2.5, shape of the resolution (2.4) of N * forces rank(N * ) ≥ r.
Proof. The exact Eagon-Northcott complex associated to (2.4) is
So for p >> 0,
Since
we get the conclusion by the proof of [6] I 7.3 (b).
The multiplicity µ(O W, [L] ) is defined as (leading coefficient of ψ) · (deg ψ)!. To avoid combinatorial relations for calculating µ, we resort to intersection theory. 
Again by (2.11),
where H is the class of a hyperplane section in P r , which concludes the proof.
Examples: Ruled Surface
Throughout this section, C denotes a smooth projective curve of genus g ≥ 2, and B a line bundle on C of degree d 0 ≥ 3. We shall construct a ruled surface X = P(E) over C by the extension 0 → O C → E → B → 0. A nontrivial example of W 0 sr will be given at the end of this section. The idea of realizing an extension class of B by O C as a point in
We start by fixing notations. Let π : X → C be a ruled surface. Pic Since deg(K C ⊗ B) = 2g − 2 + d 0 ≥ 2g + 1 by assumption, the complete linear system |K C ⊗ B| induces an embedding
where N = g + d 0 − 2. By Serre duality,
Take a line bundle L and twist (3.1) by B −1 ⊗ L, we get the sequence
and the induced map δ :
Proposition 3.1. 
Note the extension class of the first row is δ(s) ∈ H
then the first row splits. So there exits a lift σ
Tensoring the above diagram by K C and taking cohomology, we reach the following diagram
Therefore the oblique map is 0, which implies that η ∈ D .
Conversely if η ∈ D , then the composite map
so the first row of the diagram below splits.
It follows immediately that the first row of diagram (3.2) splits, therefore δ(s) = 0.
Let X |L| be the variety swept out by linear spans of divisors in |L| (see appendix). The corollary below characterizes the effective locus of Pic (1, * ) (X).
Corollary 3.3. Let M be a line bundle on C. H 0 (C, E ⊗ M) 0 if and only if
Proof. Write M as B −1 ⊗ L for some line bundle L, and apply Corollary 3.2 to L.
And the obstruction group H
Proof. Γ arises from some one dimensional quotient of E
where Z i is the scheme theoretic intersection of
On the one hand, denote the ideal sheaf of π −1 (p i ) ≃ P 1 by I. For k ≥ 1, there exists the sequence 0
By flatness of π and smoothness of fibre f ,
∅, but none of its point is semi-regular. This produces many examples of effective line bundle locus on Pic(X) which doesn't contain any semi-regular line bundle. 
Conversely let L ′ ≃ L(−α) for some effective α with deg α ≥ 1 and X |L ′ | ∋ η, then
namely the set swept out by linear spans of all degree (deg
Corollary 3.7. With the above notation, assume H
0 (C, B −1 ⊗ L) = 0 and η ∈ X |L| \X 1 |L| . Then O X (1) ⊗ π * (B −1 ⊗ L)
is semi-regular if and only if H
We give an example of W 0 1,2 (X) for a ruled surface X, which is a 3 dimensional singular variety and essentially different from Brill-Noether loci of curves. 
Claim A: There exist B ∈ Pic 3 (C), L ∈ Pic 5 (C) on C and η ∈ P(H 0 (K C ⊗ B)) satisfying the following conditions:
A.1 h
The triple (C, B, η) chosen determines a ruled surface π :
The use of conditions will be self-evident after the proof of the claim.
Proof. A.1, A.5 and Corollary 3.2 imply that h 0 (X, L) = 2. Any divisor Σ ∈ |L| can be written as Γ + α f , where Γ is the image of a section σ, α is an effective divisor on C, and f is the fibre class. One has Next, we look for (B, L, η) with the constraints. First we define two morphisms:
A.1, A.2 are to say that L ∈ W 
For A.5, we first show that Λ ≃ P 2 . In fact, by Proposition 4.1,
By base point freeness of L (A.3), one has the short exact sequence
and hence
We fix D 0 ∈ |L|, and assume Z + p + q = D ∈ |L|, for some points p, q ∈ C and assume D D 0 . Z ∩ Λ = point if and only if the image of the diagonal map
is a 2 dimensional as a vector space. From the exact sequence
This happens when
By A.4 and its reformulation, B −1 ⊗ L 2 is base point free and
Let C ′ be the image of the map C
is a prime number, the induced map C → C ′ cannot be a finite morphism of degree ≥ 2 and hence C → C ′ is birational. The number of pairs ( p, q) that B −1 ⊗ L 2 cannot separate is finite.
Claim B: Fix (C, B, η) as before. For general q 1 +· · ·+q 5 ∈ C 5 , the following conditions hold B.1 h
Moreover, for at at least 3 dimensional of
Proof. First pick two distinct points q 1 , q 2 such that h 0 (K C ⊗B(−2q 1 −2q 2 )) = h 0 (K C ⊗B)−4. We then proceed by induction on the number of points. Suppose q 1 , · · · , q i for 2 ≤ i ≤ 4 have been picked, such that: Take
, the induced Abel-Jacobi map ϕ : DivX → Ω is a birational morphism, and hence 
Appendix
In the section, we review the construction of X |L| , the variety swept out by all linear spans of divisors in |L| on a curve C with respect to an embedding C ⊂ P N .
Assume A is a very ample line bundle on the curve C with genus g ≥ 1. Let V denote Applying q * (p * A ⊗ ) to above, we get the exact sequence
where each term is locally free. Consequently When r < h 0 (A ⊗ L −1 ). Consider the map of vector bundles
X |L| = {x ∈ P(V)| rank(ξ x ) ≤ r}, which gives X |L| a determinantal variety structure.
dim X |L| = dim P(Q) = r + rank(Q) − 1
which is the expected dimension, therefore X |L| is Cohen-Macaulay(cf. [1] pp 84). 
